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Abstract
We present a new characterization of Möbius transformations by using two classes of hyperbolic
geometric objects: Lambert quadrilaterals and Saccheri quadrilaterals. The proof is based on a geo-
metric approach.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Circle-preserving maps have a long history that goes back to Möbius himself. There
are well-known elementary proofs that if f is a continuous injective map of the extended
complex plane C¯ that maps circles into circles, then f is a Möbius map. In [3], Haruki and
Rassias introduced another class of geometric objects which they called Apollonius quadri-
laterals as a new characterization of Möbius transformations. The definition of Apollonius
quadrilaterals is as follows.
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quadrilateral if and only if |a−b| · |c−d| = |b−c| · |a−d|, where | · | denote the Euclidean
distance.
They proved that if f is meromorphic in C and if f sends Apollonius quadrilaterals to
Apollonius quadrilaterals, then f is Möbius. It is easy to see that a, b, c, d are vertices of
an Apollonius quadrilateral if the absolute cross ratio |a, b, c, d| = |a−b||a−d| · |c−d||c−b| equals to 1.
As a generalization, we call a quadrilateral an Apollonius k-quadrilateral if the cross ratio
of its four vertices equals k.
In 2002, Beardon and Minda [2] showed that a map is Möbius if and only if it preserves
Apollonius k-quadrilaterals.
In this paper, we consider the hyperbolic plane B2 = {z | |z| < 1} with length differential
ds2 = 4|dz|2
(1−|z2|)2 . Following Haruki and Rassias’s ideas, we will give a new characterization
of Möbius transformations on B2 by using a class of hyperbolic geometric objects, that is,
Lambert quadrilaterals defined below.
Definition 2. [1] The Lambert quadrilateral is a hyperbolic quadrilateral with angles
π
2 ,
π
2 ,
π
2 , φ.
According to [1, Theorem 7.16.2], there exist Lambert quadrilaterals if and only if
0 φ < π2 . Then we can state our main theorem:
Theorem. Suppose f :B2 → B2 is a continuous bijection. Then f is Möbius if and only if
f preserves Lambert quadrilaterals in B2.
Haruki and Rassias [3] proved their results by using Schwartz derivative, and in [2]
Beardon and Minda’s proof relies on the solution of two functional equations in di-
mension 1 case and then induction on dimensions. Our method is based on a geometric
approach and is different from those in [2,3].
As a corollary, we obtain the following result.
Definition 3. [1] The Saccheri quadrilateral is a hyperbolic quadrilateral with angles
π
2 ,
π
2 , φ,φ, where the two right angles are adjacent and 0 φ < π2 .
Corollary. Suppose f :B2 → B2 is a continuous bijection. Then the following are equiv-
alent:
(a) f is Möbius;
(b) f preserves quadrilaterals with exactly two adjacent right angles; and
(c) f preserves Saccheri quadrilaterals.
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We denote by X′ the image of X under f , by [A,B] the geodesic segment between
points A and B , by AB the geodesic through points A and B , by ABCD the hyperbolic
quadrilateral with four ordered vertices A,B,C and D, and by  BAC the angle between
[A,B] and [A,C].
In the following lemmas, f :B2 → B2 is a continuous bijection which preserves Lam-
bert quadrilaterals and fixes the origin O .
Lemma 1. Let OABC be a Lambert quadrilateral with  AOC < π2 . Then any two of
d(O,A), d(O,C) and  AOC determines the third one uniquely, where d is denoted by
the hyperbolic distance.
Proof. Denote by IX the circle through X ∈ B2 which is orthogonal to the unit sphere, and
by X1 its center. Suppose that |OA| = a and |OC| = c. Then the radii of IA and IC equal
1−a2
2a and
1−c2
2c , respectively. Thus |OA1| = 1+a
2
2a and |OC1| = 1+c
2
2c . By assumption, we
see that  ABC = π2 . This implies that IA and IC are orthogonal. Therefore, |A1C1|2 =
(1−a2)2
4a2 + (1−c
2)2
4c2 . Now the lemma follows easily from the Euclidean Cosine Rule. 
Lemma 2. Let OABC be a Lambert quadrilateral with  AOC =  OAB =  OCB = π2 .
Then  A′O ′C′ = π2 .
Proof. Otherwise,  A′O ′C′ < π2 . Choose arbitrary point D on the interior of [O,C]. By
assumption we can find a point E ∈ [A,B], such that OAED is a Lambert quadrilat-
eral. Since f is injective, D′ is also on the interior of [O ′,C′]. Then both O ′A′B ′C′ and
O ′A′E′D′ are Lambert quadrilaterals, which have the same acute angle at the vertex O .
This leads to a contradiction by Lemma 1. 
Lemma 3. Let OABC be a Lambert quadrilateral with  AOC < π2 and d(O,A) =
d(O,C). Then  A′O ′C′ < π2 and d(O
′,A′) = d(O ′,C′).
Proof. The first claim follows from Lemma 2 and the assumption that f is bijective. Next,
we suppose that d(O ′,A′) > (O ′,C′) and work for a contradiction.
Let P be the intersection of the unit sphere with the geodesic OC. Choose F on [C,P ]
such that the angles  CFB and  CBF both equal π4 . This is possible since  CFB goes
from π2 to 0 as F goes from C to P , and  CBF goes from 0 to
π
2 at the same time.
Let D and E be the reflections of B and A in the ray OP . Then we see that OCDE
and OBFD are also Lambert quadrilaterals, and d(O,C) = d(O,A) = d(O,E). There-
fore, O ′B ′F ′D′ is a Lambert quadrilateral and O ′,C′,F ′ are collinear (Fig. 1). By the
Sine Rule, we obtain  1 >  2, since d(O ′,A′) > d(O ′,C′). As the area of the hyperbolic
triangle O ′B ′F ′ is greater than that of O ′B ′C′,  2 >  3 follows directly from the area
formula of hyperbolic triangles. Similarly,  5 >  4. Now  1 +  3 <  1 +  2 = π2 . This
together with  1 >  3 implies that  3 < π4 . Then  4 >  3, since  3 +  4 = π2 . Thus
d(O ′,D′) > d(O ′,B ′) and then  2 >  5 by using the Sine Rule again. But  1 >  2, so
S. Yang, A. Fang / J. Math. Anal. Appl. 319 (2006) 660–664 663Fig. 1.
 2 +  5 < π2 . Since  2 >  3 and  5 >  4, we must have  3 +  4 < π2 , a contradic-
tion. 
Lemma 4. f preserves angles with the vertex O .
Proof. Construct a sequence of Lambert quadrilaterals OAiBiAi+1, so that  AiOAi+1 =
π
p
and d(O,Ai) = d(O,Ai+1), where p is an integer and 1  i  p. By Lemma 3,
each OA′iB ′iA′i+1 is also a Lambert quadrilateral with  A′iOA′i+1 <
π
2 and d(O,A
′
i ) =
d(O,A′i+1). By Lemma 1,  A′iOA′i+1 are equal for all 1  i  p. Since f is injective
and A1 = Ap+1, we must have A′1 = A′p+1. This implies each A′iOA′i+1 equals πp . Hence,
f preserves qπ
p
-valued angles at the vertex O , where p,q are integers. As f is continuous
and the set of rational numbers is dense in R, it follows that f preserves all angles at the
vertex O . 
Proof of Theorem. The “only if” part is obvious because f is an isometry. Conversely,
we may assume that f preserves Lambert quadrilaterals and f (O) = O by composing
an isometry if necessary. Let OABC be a Lambert quadrilateral with  AOC < π2 and
d(O,A) = d(O,C). It follows that d(O,A) = d(O,A′) from Lemmas 1 and 4. Let x, y
in B2 be arbitrary points. Then d(O,x) = d(O,x′) and d(O,y) = d(O,y′), namely,
|x| = |x′| and |y| = |y′|. Therefore, |x − y| = |x′ − y′|, since f preserves angular sizes
by Lemma 4. As 2(x, y) = |x|2 + |y|2 − |x − y|2, f preserves inner-products and then is
the restriction on B2 of an orthogonal transformation, that is, f is Möbius. 
Proof of Corollary. Now (a) ⇒ (b) and (b) ⇒ (c) are trivial, hence only the implication
(c) ⇒ (a) needs to be proven.
Let a Lambert quadrilateral be given. Assume without loss of generality (by an auxiliary
Möbius mapping) that it has vertices O,A,B,C with  ABC < π2 , where O is the origin.
Reflect B and C in the line OA, giving B∗ and C∗. Next, reflect B∗,A and B in the line
C∗C, giving D∗,A∗ and D, respectively.
It is easy to see that C∗B∗BC, C∗D∗DC, ABDA∗ and AB∗D∗A∗ are Saccheri quadri-
laterals. Denote by a prime the image under f . Consider the angles  B∗′C∗′C′ and
 D∗′C∗′C′. Since both are angles in a Saccheri quadrilateral, both are at most π2 . But
C∗′ lies on the geodesic B∗′D∗′, so  B∗′C∗′C′ +  D∗′C∗′C′ = π . Hence,  B∗′C∗′C′ =
 D∗′C∗′C′ = π . Similarly, the angles at A′, C′ and A∗′ equal π . Thus all angles in the2 2
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C′C∗′ intersect at a right angle, so in particular  A′O ′C′ = π2 . Thus we have shown that the
Lambert quadrilateral OABC maps to the Lambert quadrilateral O ′A′B ′C′, then reducing
the corollary to the theorem. 
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